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1 Introduction

This paper is a belated sequel to (Akhmedov, 2014) in which the author constructed the ex-
amples of simply connected symplectic Calabi-Yau 6-manifolds using the coisotropic Luttinger
surgery along T? x T?. In the same paper, the author also obtained non-Kihler symplectic
Calabi-Yau 6-manifolds with b; = 1 using the same surgery technique and also the symplectic
connected sum operation. In this paper, we construct many new examples of simply connected
symplectic 6-manifolds using coisotropic Luttinger surgery. Some of these examples presented in
this article were mentioned in Akhmedov (2014), and the author promised to bring more details
in future articles. The second goal of this article is to prove that for any finitely presented
group G, there exists a family of symplectic 6-manifolds with m; = G that can be obtained via
coisotropic Luttinger surgery along T2 x T?. This provides a new proof of the classical result in
Gompf (1995), which was proved using the symplectic connected sum operation.

Throughout this paper CP? denote the complex projective plane and CP? is the complex-
projective plane with the reversed orientation. Let X (g,n), Y(g,n), and Z(g,n) denote n fold
symplectic fiber sum of the total spaces of three well known genus g hyperelliptic Lefschetz
fibrations along a regular fiber ¥, given by the monodromies (ajas - - a29+12 eagar)? =1,
(a1---agg+1)%72 =1, and (a1 -+ - agy)? 12 = 1 respectively, in the mapping class group My of
the genus g surface with no punctures.

Our main results are the following four theorems.

Theorem 1. There exist symplectic 6-manifolds with the fundamental groups
(1) 1,

(11) Zp X ZLq, and Z X Zg for any p > 2 and ¢ > 1
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that can be obtained from X (g,n) x T?, Y(g,n) x T? and Z(g,n) x T? by coisotropic Luttinger
surgeries along T2 x T? for any n > 2 and g > 2.

Notice that the Lefschetz fibrations on X (g,n), Y (g,n) and Z(g,n) have genus g > 2. We
may view the above theorem as a generalization of the results of Akhmedov (2014), where the
case g = 1 was considered, and symplectic Calabi-Yau 6-manifolds were constructed.

Our next theorem is a six-dimensional versions of the construction of symplectic 4-manifolds
in Akhmedov (2008), Akhmedov & Park (2008), Akhmedov et al. (2008), Akhmedov & Park
(2010), Akhmedov & Saglam (2015), Akhmedov & Ozbagci (2017) via Luttinger surgery (see
Akhmedov (2008), Akhmedov & Park (2008), Akhmedov et al. (2008), Akhmedov & Park (2010),
Akhmedov & Saglam (2015), Akhmedov & Ozbagci (2017) for motivation and details).

Theorem 2. There exist symplectic 6-manifolds with the following fundamental groups
(1) 1,
(1) Zp X Lgy - ++ X Lgs, and ZE X Ly X -+ Lgg_, for anyp >2, ¢; > 1, and 1 <1< 5

that can be obtained from the symplectic connected sum manifold M = (2 XTZXT?)#y, r2 (T2 %
S2#4CP?) x T?) by coisotropic Luttinger surgeries.

Our next set of symplectic 6-manifolds, given in Theorems 3, are obtained by performing
1 <k < 6g coisotropic Luttinger surgeries on X, x ¥, x ¥, along ¥, X T2, where g > 2. These
6-dimensional symplectic 6-manifolds are the analogues of symplectic 4-manifolds constructed
in Akhmedov (2008), Fintushel et al. (2007), Akhmedov & Park (2010).

Theorem 3. There exist symplectic 6-manifolds with following the first homology groups in
integer coefficients

(1) 0,

(11) Zp X Lgy -+ X L cdekaq1 X+ Lggy_y, foranyp >2,q;>1, and 1 <k < 6g—1

46g—17

that can be obtained from ¥, x 34 x 34 by coisotropic Luttinger surgeries along ¥, X T?.

The following theorem is more general, and allows us to handle the case of an arbitrary
finitely presented group as the fundamental group.

Theorem 4. There exist symplectic 6-manifolds with the fundamental groups
(i) 1,
(i) Any finitely presented non-trivial group G given by a presentation (x1, ..., T | l1, ... lpn).

that can be obtained from X (g,n) x Xk, Y(g,n) x X and Z(g,n) x Xy via coisotropic Luttinger
surgeries along T2 x T? for anyn > 2, and g >k > 2 and g > k +m > 2, respectively.

Our paper is organized as follows. Section 2 contains a brief review of the coisotropic
Luttinger surgery. In Section 3, we collect symplectic building blocks that are needed in our
construction of symplectic 6-manifolds. In Section 4, we construct symplectic 6-manifolds via
coisotropic Luttinger surgery and present proofs of our main Theorems 1, 4, 2, and 3 in the given
order. While the motivation of this paper is not to construct symplectic Calabi-Yau 6-manifolds,
some of our bulding blocks can be used to be obtain new symplectic Calabi-Yau 6-manifolds in
dimension 6 (see the author work in Akhmedov (2014)). The author will address this case in a
separate article to follow.
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2 Coisotropic Luttinger Surgery

In this section we will briefly review the coisotropic Luttinger surgery in dimension six and
recall some basic facts about it. For the details on the coisotropic Luttinger surgery, we re-
fer the reader to Ho (2011), Baldridge & Kirk (2013). The coisotropic Luttinger surgery has
been effective tool recently for constructing symplectic Calabi-Yau 6-manifolds (Akhmedov,
2014), (Baldridge & Kirk, 2013). In this paper, we extend the effectiveness of the coisotropic
Luttinger surgery further by constructing the symplectic 6-manifolds with an arbitrary finitely
presented group as the fundamental group and other interesting examples. We refer the reader to
Akhmedov & Zhang (2015), Akhmedov & Ozbagci (2017), Akhmedov & Saglam (2015), where
the the same problem addressed in dimension 4 using Luttinger surgery.

Definition 1. Let X be a closed symplectic 6-manifold with a symplectic form w. Suppose that
Y4 is a closed 2 dimensional symplectic submanifold of X and there exist a symplectic embedding
j:D?*xT?x Yy — X so that the submanifolds parallel to A = {0,0} x T2 x Y4 are all coisotropic
with respect to w. Given a simple loop A on {0,0} x T2 x pt, let N be a simple loop on O(vA) that
is parallel to X under the coisotropic framing. For any integer m, the (A, \,1/m) coisotropic
Luttinger surgery on X will be X5 x(1/m) = (X \v(A)) Uy (T? x By x D?), the 1/m surgery on A
with respect to A under the coisotropic framing. Here ¢ : T? x ¥4 x 0D? — 9(X \ v(A)) denotes
a gluing map satisfying ¢([0D?]) = m[N] + [ua] in H1(0(X \ v(A)), where up is a meridian of
A.

It can be shown that X (1/m) possesses a symplectic form that restricts to the original
symplectic form w on X \vA. The following Lemma is an easy consequence of the the Seifert-Van
Kampen’s Theorem.

Lemma 1. Let X x(1/m) is obtained from X by 1/m coisotropic Luttinger surgery along the
submanifold A = T?xX, of X, then the Euler characteristic is unchanged, e(X) = e(Xa x(1/m)).
The fundamental group of X x(1/m) is the quotient of w1 (X \ (T? x X9 x D?)) by the normal
subgroup generated by a homotopy class of the circle ¢(pt x OD?). Thus, 71 (Xax(1/m)) =
(X \ A)/N (™).

3 Symplectic Building Blocks

In this section, we review the families of Lefschetz fibrations X (g,n), Y (g,n) and Z(g,n), and
Matsumoto’s genus two fibration mentioned in the statments of Theorems 1, 4 and 2 .

3.1 Three familes of hyperelliptic fibrations

Let a1, ag, - -+, aiag, ang41 denote the collection of simple closed curves given in Figure 1, and ¢;
denote the right handed Dehn twists t,, along the curve o;. It is well-known that the following
relations hold in the mapping class group M:

T1(g) = (c1c2- -~ eag—1eageagii®eageag—1 - - cac1)® = 1,
T2(g) = (crcz - c2g2g41)*9 2 = 1, (1)
I3(g) = (crca - Cag—1029)*29FD = 1.

For the first monodromy relation given above, the corresponding genus g Lefschetz fibrations
over S? has total space X (g,1) = CP?#(4g + 5)CP?, the complex projective plane blown up at
4g+5 points. In the case of second and third relations, the total spaces of the corresponding genus
g Lefschetz fibrations over S? are also well-known families of complex surfaces. For example.
Y(2,1) = K3#2CP? and Z(2,1) = Horikawa surface, respectively. Moreover, it is easy to see
that the monodromy relations of the genus g fibrations on X (g,n), Y(g,n) and Z(g,n) are given
by the words I'1(g)", T'2(g)", and T's(g)", respectively.
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Figure 1. Vanishing Cycles of the Genus g Lefschetz Fibration on X (g, 1) = CP?#(4g + 5)CP?

In Fuller (1999), Fuller (2000), Akhmedov & Monden (2016), the topology of X (g,n), Y (g,n),
and Z(g,n) studied in a greater details. It is known that the complex surfaces X (g,n), Y (g,n),
and Z(g,n) have a decomposition analogous to Gompf’s decomposition for elliptic surfaces. For
example, X(g,n) = W(g,n)UN(g,n), where W(g,n) is diffeomorphic to the Milnor fiber of the
Brieskorn homology 3-sphere (2,29 + 1,(4g + 1)n — 1) and N(g,n) is a generalized nucleus,
small submanifold with by = 2. Similar decompositions hold for Y'(g,n), and Z(g,n). We refer
the reader to the papers Fuller (1999), Fuller (2000), Akhmedov & Monden (2016). The case
g = 1 is the well known decomposition for elliptic surfaces.

Now, we think of X(g,2) as the fiber sum of two copies of X(g,1) = CP2#(4g + 5)CP?
along a regular fiber ¥ . Using the decomposition X (g,1) = W(g,1) U N(g,1), we obtain the
following decomposition of the intersection form of X (g,2): 2M(g,1) ® H © 2gH, where H is a
hyperbolic pair and M (g, 1) is a matrix whose entries are given by a negative definite plumbing
tree given in the Figure 2. The classes that generates M (g, 1) all can be represented by spheres
of negative self-intersection. One copy of H comes from a fiber X, and a sphere section o of
self-intersection —2, i.e. from the nucleus N(g,2) in X (g,2). The remaining 2g copies of H come
from 2g rim tori and their dual —2 spheres (see related discussion in Gompf & Stipsicz (1999),
page 73)). These 12g + 4 classes (10g + 9 spheres and 2g + 1 tori) generate H2(X(g,2),Z). In
fact, a straightforward generalization of our argument gives the following decomposition of the
intersection form of X (g,n): n(M(g,1)) ® H ®2g(n —1)H,

—(g+1) -2 -2 -2 -2 -2

Figure 2. Plumbing Tree for the Milnor Fiber W (g, 1)

Similarly, it is easy to obtain a decompositions of the intersection form of Y (g, n) and Z(g,n).
We leave the details to the reader (see (Gompf & Stipsicz, 1999), (Fuller, 1999), (Fuller, 2000),
(Akhmedov & Monden, 2016)).

3.2 Matsumoto fibration and their higher-genus generalizations

Yukio Matsumoto’s genus two Lefschetz fibration can be conveniently described as the double
branched cover of S? x T? with the branch set being the union of two disjoint copies of S? x {pt}
and two disjoint copies of {pt} x T2. The resulting branched cover has 4 singular points,
corresponding to the number of intersections of the horizontal spheres and the vertical tori in
the branch set. By desingularizing this manifold, we obtain the total space of Matsumoto’s
fibration, M = T? x S?#4CP2. Notice that the vertical T? fibration on S? x T? pulls back
to give a fibration of T? x S% #4CP? over S?. Since a generic fiber of the vertical fibration is
the double cover of T? branched over 2 points, it is a genus two surface. Matsumoto proved
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that Matsumoto (1996), the above fibration can be perturbed into Lefschetz one with the global
monodromy given by the following word in the mapping class group May: (D1DsD3Dy)? = 1,
where Dy, Dy, D3, and D, denotes the Dehn twists along the curves 81, B2, 83, and 84 shown
in Figure 3.

Let us denote by X the regular fiber of the fibration above, and the images of the standard
generators of ¥ in the fundamental group of (M) = Z ® Z as aq, b1, a2, and by. Using a
homotopy long exact sequence for a Lefschetz fibration and the existence of sphere sections, we
have the following identification of the fundamental group of M (Ozbagci & Stipsicz, 2000):

T (M) = m1(X)/(B1, Ba, B3, Ba)-

B1 = bib, (2)

Ba = aibiar 'by Tt = agbgas by, (3)

Bs = boasby tay, (4)

By = bgasaiby, (5)
Hence 7T1(M) = <a1,b1,a2,bz | blbg = [al,bﬂ = [ag,bQ] = bgazbgflal = 1).

By Van Kampen’s theorem, the fundamental group of the complement of v¥ in M is Z G Z.
This group is generated by a1 and by, and the normal circle A = pt x dD? to ¥ can be deformed
using —1 sphere section of this fibration. Thus, A is nullhomotopic in 71 (T? x S? #4CP?\ vY) =
YASY A

B
o)

Figure 3. Dehn Twists for Matsumoto’s Fibration

4 New Symplectic 6-Manifolds via Coisotropic Luttinger Surgery

In this section we prove our main theorems. For the simplicity, we will consider the case of
two-fold fiber sums only, n = 2, in our proofs of Theorems 1 and 4. The general case is not
different from this special case and the same proof applies verbatim. Throughout most of this
section, ¥, will denote a regular fiber of a hyperelliptic fibration on X (g, n).

4.1 Proof of Theorem 1

Proof. Let us take two copies of W(g) = X(g,1) x T2. We endow both W (g) with the product
symplectic structure wyy and form their symplectic fiber sum along the symplectic submanifolds
g X T? and B x T2. To do this, we consider an orientation reversing gluing diffeomorphism
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0:0(3, x T? x D?) — (X} x T? x D?) that sends the elements of 7; as follows:

ag=1—4d;=1,
by=1—b;=1,
ag=1—dy=1,
by=1—1by=1,
cr

d—d,
,u:10—>;/_1:1.

Notice that the resulting symplectic 6-manifold is X (g,2) x T2. The following two essential
coisotropic submanifolds are available (among many others) to perform coisotropic Luttinger
surgeries in X (g,2) x T2: Tq := (a} x &) x (r' x d’) and T3 := (b] x d") x (r" x "), where 7" and
" are two disjoint the ”rim” circles of X (g,2). In X (g,2) xT?, these rim circles correspond to the
meridians of 3, x T2. Moreover, both submanifolds 7; and 73 have dual isotropic submanifolds
S;, which are two dimensional spheres arising from the vanishing cycles a; and b;. To see this,
notice that each of the above mentioned 4-dimensional torus 7; has a dual circle in X, x T3
intersecting 7; at a point. The dual spheres S; and S are obtained by contracting the circles
ap and by on both sides. Since X(g,2) is simply connected and has a sphere section, a; and
b1 are both null-homotopic in the fundamental group of complement. Thus, we can use two
vanishing disks for a; and b; to construct the spheres S; and S;. Furthemore, the meridional
circles of 7; lies on &;, thus it null-homotopic in the fundamental group of complement of
(X (9,2) x T2\ (v(Th) Un(T2)).

Let X(g,2)p,4 be symplectic 6-manifold gotten by performing the following two coisotropic
Luttinger surgeries on pairwise disjoint coisotropic submanifolds 77 and 75 in X(g,2) x T
(T1,cP,+1) and (72,d?,+1), where p,q > 0. Using the Lemma 1, we obtain the following
presentation for the fundamental group of X (g,2),4:

F=m=1 d=pu=1 |¢d =1. (6)

The first coisotropic Luttinger surgery gives the relation ¢ = 1 and the second surgery produces
the relation d? = 1 in 7 (X (g, 2) X T?) = Z x Z. Thus, we can realize any of the folowing abelian
groups: Zy, X Zq for p,q > 1, Z x Zy, for p =0, p > 2. If we set p = ¢ = 1, then X(g,2)1,1 has
a trivial fundamental group. By setting p =1, ¢ =0 or p = 0, ¢ = 1, we get the symplectic
6-manifolds X (g,2)1,0 and X(g,2)o,1 with fundamental group Z. Since the fist Betti numbers of
X(9,2)1,0 and X(g,2)01 b1 = 1 are odd, they are both non-Kéhler symplectic 6-manifolds.
The constructions for the cases Y (g,2) x T? and Z(g,2) x T? are analogous. Again, the key
idea is to use the rim tori in Y (g,2) and Z(g, 2) resulting from the symplectic fiber sum. These
homologically essential rim tori do not exist in X(g,1), Y(g,1) and Z(g,1), and arises via fiber
sum. This concludes the proof of Theorem 1. O

Remark 1. Our construction above can be modified to get a family of symplectic (both Kdahler
and non-Kdhler) 6-manifolds starting with two copies of V(g,n) = X(g,n) x X4 and forming
their the symplectic connected sum along the 4-dimensional symplectic submanifolds X, x ¥,
using any orientation reserving gluing diffeomorphism W : 9(Z, x ¥y x D?) — 9(T, x Ty x D?).
In a special case, we can choose our gluing diffeomorphism W that comes from an orientation
preserving diffeomorphism ¢ of ¥4 x X4 which interchnages the product copies Xg X pt and pt x X,
of Xy x Xy, t.e. the gluing diffeomorphism U that sends the elements of m1 as follows:

a1:1»—>c’1:1,
b1:1'—>d/1:1,
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ag =1+ c’g =1,
by=1—d,=1,
co=1—4d;=1,
di=1+ bll = 1,
cg=1—d,=1,
dg=1—1bg =1,
p=1— //_1 =1.

In this special case, the above construction yields to the simply connected symplectic 6-manifold
X0 and generalizes the construction given in Akhmedov (2014) where g =1 was studied.

Remark 2. In the construction above, we could have chosen to perform the coisotropic Luttinger
surgeries along ¥, x T? using the coisotropic submanifolds L1 := Z'g X (r' x ¢) and Ly =
¥y x (r" x d), where r' and " are the "rim” circles in X(g,2), and X}, and X are two special
fibers of the genus g Lefschetz fibration on X(g,2) dual to the rim circles v’ and r"”. The
submanifolds L1 and Lo have dual isotropic tori of the form Ty = a{’ x d and Th = af x c¢. The
fundamental group computation follows the same steps as before.

Our next theorem can be viewed as 6-dimensional version of the 4-manifold construction
given in Akhmedov & Ozbagci (2017). We refer the reader to Akhmedov & Ozbagci (2017) for
more details and for related results.

4.2 Proof of Theorem 4

Proof. The proof of the first part of the theorem is similar to that of Theorem 1. First, using the
rim circles r;, ;' (fori = 1,- - , k) of the fiber ¥, and the vanishing cycles a;, b; (fori =1,--- | k)
of the genus g Lefschetz fibration on X (g, 2), we construct 2k homologicall essential disjoint rim
tori Ro;j_1 := a; X r; and Rg; := b; X r;/, their dual Lagrangian tori 73;_1 := Ro;j_1 + S2;_1 and
Toi := Ro; + So;, where the spheres Ss;_1 and So; are obtained by contracting the circles b; and
a; on both sides, using the vanishing disks of b; and a;. These spheres So; 1 and So; have the
self-intersection —2 in X (g, 2).

Next, using the cycles ¢;, d; (for i = 1,--- k) of 3, we see that the symplectic 6-manifold
X (g,2) x ¥, contains at least 2k disjoint essential coisotropic submanifolds of the form T2 x T2,
which are given by Vo; 1 := Tai—1 X (13 X ¢;) and Vs, := Ty X (1’ x d;).

Let X(g,2)(p1,q1," " , Pk, qx) denote be symplectic 6-manifold gotten by performing the fol-
lowing 2k coisotropic Luttinger surgeries on V; in X (g, 2) x ¥g: (V1, 1P, £1), Vo, i, £1), - - -,
(Vag—1, cxPr, £1), Vo, di%,£1), where ¢;, d; denote the standard generators of m1(X(g,2) x
Yi) = m1(2k) and p;, ¢; > 0 are integers.

4-tori Vo; 1 and Vs;_1 have a transversal isotropic 2-tori Us; 1 := b; X d; and Us; := a; X ¢;
respectively. The meridional circles p; of V; are all null-homotopic in m (X (g,2) x g \ (v(V1) U
v(V2)U- - -Ur(Vyr)) since the loops a; and b; are nullhomotopic. Furthermore, using the Lemma 1,
we acquire the following presentation for the fundamental group of X(g,2)(p1,q1,- - , Pk, qk):

Pt = =1,
i =pg =1,

)
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et = pop—1 =1,
dp®™ = pop, = 1,
k
Iy [cj, ds] = 1.

By setting p1 = ¢1 = -+ = pr = qx = 1, we obtain a symplectic 6-manifold X (g,2)(1,1,---,1,1)
with trivial fundamental group.
Now, let G = (x1, ..., x| l1, ... L) be any finitely presented group with the given pre-

sentation. We start with the symplectic manifold X (g,2) x ¥; and fix a collection of simple
loops ¢; and d; representing the standard generators of the fundamental group of X (g,2) x ¥
given as above. Next, we choose m additional curves 7; in X, representing the relations ;
(for j = 1,---,m). Without loss of generality, we can assume that the curves v; are em-
bedded. This can be achieved because of the assumption that g > k + m (see discussion in
(Akhmedov & Ozbagci, 2017), pages 10-12 and (Akhmedov & Zhang, 2015)). To clarify this
point further (see (Akhmedov & Ozbagci, 2017; Akhmedov & Zhang, 2015)), note that by using
a 1-handle attachments to X, we can resolve the intersection points of v;: make the curve v; to
go over using the attached 1-handle, remove all intersection points, make the resulting curves ’y;
embedded in ¥, and start with the building block X (g,2) x ¥, instead of X (g,2) x £j. To ob-
tain the given presentation, we do need to perform extra 2(k — g) coisotropic Luttinger surgeries
along (Vag41, cht1, £1), Varg2, dis1, £1), -+, Vag—1,c29—1, £1), (Vag, dag, £1) in X(g,2) x g,
which amount to the killing all extra 2(g — k) the fundamental group generators cxi1, dkt1, - - -,
Col, dgk of X(g, 2) X Eg.

Let X(g,2)(0,q1,---,0,qr) denote the symplectic 6-manifold obtained by performing the fol-
lowing 2k coisotropic Luttinger surgeries on V; in X (g,2) x ¥g: (Va,d1, £1), -+, (Vag, dj, £1).
By our discussion given above, the symplectic 6-manifold X (g,2)(1,0,---1,0) has the fundamen-
tal group Fj, a free group of rank k. Finally, by performing m additional coisotropic Luttinger
surgeries on submanifolds £; := Ta;_1 X (1 X7y;) and Laj := T X (rj’X’yjH), where k+1 < i < g,
in X(g,2) x X (L1,71,£1), -+, (LimyYm,E1), we introduce the needed relations /; in order
to collapse the free group Fj into G. The cases Y (g,2) x X and Z(g,2) x X treated similarly
and we leave the details to the reader. This concludes the proof of the theorem.

O

4.3 Proof of Theorem 2

Proof. We will consider the symplectic 6-manifolds ¥o x T2 x T? and (T? x S?#4CP?) x T2,
both endowed with the standard product symplectic structures. Let us denote the generators of
the fundamental group of o x T? x T? as ay, b1, ag, ba, ¢, d, e and f, and of the fundamental
group of (T? x S?#4CP?) x T?) as c1, dy, , and .

We consider an orientation reversing gluing diffeomorphism 6’ : 9(32 x T2 x D?) — 9(X x
T? x D?) that sends the elements of 7; as follows:

ay — Cq,
bl l—)dl,
as +— 0171,
by — dlfl,
c— T,

d—y,

1—1

T T
Let M denote their symplectic connected sum along the symplectic submanifolds 3o x T? x pt
and ¥ x T2 given by ', where ¥ is a regular fiber of Matsumoto’s genus two fibration (See Section

3.2). By Seifert-Van Kampen theorem, the fundamental group of the resulting manifold M can
be seen to be generated by ai, b1, ¢, d, e, and f which all commute with each other. Thus,
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the fundamental group of M is (M) = Z°. The following six disjoint essential coisotropic
submanifolds, four of the form T? x T? and two of the form Yy x T?, are available to perform
coisotropic Luttinger surgeries in M: S; := a) x ¢ x d' x ¢/, Sy := 0 x xd x ", Sz :=
ay x ' xd xe, S =af xxdxf,U =%y x xe,and Uy := 3y x d x €’. Moreover,
we have the following obvious dual isotropic two tori: 77 := b x f', Ta :=a} x f', T3 := by x f,
Ti:=bhxe, Vi :=d x f, and Vy := ¢ x f'. Using these 2-dimensional tori, we will determine
the meridional circles to the six coisotropic submanifolds listed above.

Let M (p,q1,- - - g5) be symplectic 6-manifold gotten by performing the following six coisotropic
Luttinger surgeries on pairwise disjoint coisotropic submanifolds &1, Sa, S3, Sy, Uy, and Us in
M: (81,d}?,—1), (S, b/™, —1), (S3,€'®,1), (S, [, 1), (Uy,c®,—1), and (Us,d%, —1), where
p,qi = 0.

Using the Lemma 1, we obtain the following presentation for the fundamental group of

M(p,q1,---qs):
ar” = by f 7 ™ =ar fl e = 7,
fqg = [6_17b2_1]ch4 = [d_lvf_l]vdqs = [C_lae]a
[a1,c] = [a1,d] = [a1,¢e] = 1, [b1,¢c] = [b1,d] = [b1,¢] =1
e, f]=lc,d] = [d,e] =1
ajay = lai, b1] = [ag,ba] = b1by =1
By setting p = q1 = -+ = g5 = 1, we obtain a symplectic 6-manifold M (1,1,---,1) with trivial

fundamental group. To prove 71 (M (1,1,---1)) = 1, it is enough to prove that f = 1, which
in turn will imply that all other generators are trivial. Using the last set of identities, we have

as ! = ay, -+, by~! = by. Now, we rewrite the relation f = [e_l,bgl] = [e71,b1] . Since
[b1,€e] =1, we obtain f = 1. To realize the fundamental groups stated as in (ii), we simply vary
p>2,qg >1lorset py =q5 =---q@—1+1 = 0and ¢ > 1 for 1 <7 <6 — 1, respectively, in the
presentation above. O

4.4 Proof of Theorem 3

Proof. Let X (g, g,g) be the product 6-manifold ¥, x 3, x ¥, equipped with the product symplec-
tic structure. Let us denote the standard generators of the fundamental group of X (g, g,¢) as ay,
bi, -+, aq, by, c1,dr, -+, cg,dg, €1, f1,- -, €g, and f,. Using the product structure and applying
Kiinneth’s formula, we compute the Euler characteristic and the Betti numbers of X (g, g, 9):
X(X(9.9,9) = x(Zg)* = 8(1 — 9)%, b1(X(g.9,9)) = 69 = b5(X(9,9,9)), b2(X(g,9.9)) =
bo(Zg) ba(Xg x Bg)+b1(2g) b1(Xg x Bg) +b2(2g) bo(Xg x Zg) = (4% +2)+29(4g)+1 = 12¢*+3 =
b4(X (9,9, 9)), b3(X(9,9,9)) = bo(Xg) - b3(Xg X Xg) +b1(3g) - b2 (3 X Bg) +b2(35g) - b1 (g X Ey) =
49 +2g(4g* + 2) + 49 = 8¢> + 12g.

The following 6g homologically essential coisotropic submanifolds of the form X, x T? are
available, among many others, to perform coisotropic Luttinger surgeries in X (g, g,9): Up;i ==
Ygxc,xel, Voii=Sgxd,xell, Uio;=a,xEgx fl, Vigi:=a] xEgxel, Ui;o:=a,xd,x X,
and Vo = b, x d] x 4. Moreover, we have the following dual isotropic two dimensional
tori: To,; := d} x f], Toii == ¢ x fl, Tro; = b} x €, Tio; := b, x fl, T;i0 := b, x ¢}, and
T;io:= a. x c.. Using these dual tori, we will easily identify the the meridional circles to the 6g
aforementioned coisotropic submanifolds and compute the fundamental group of the resulting
symplectic 6-manifold.

Let X (g1, - ,g64) be symplectic 6-manifold obtained by performing the following 6g coisotropic
Luttinger surgeries on the above family of pairwise disjoint coisotropic submanifolds Ug ; i, Vo.i.,
Ui0,i» Vio,i> Ui, and Vi, in X(g,9,9):

(U0,1,1a CI1Q1, :|:1), (U0,272, C/2q2, :|:1), tee (U()ﬂ'ﬂ', C;(h, :|:1), ey (UO,g,ga C;qg, :|:1),
(V(),l,b dllqg+17 il)v (VO,2,27 d/2qg+lv il) ) (‘/O,i,h d{iqg+i_lv il)v T (V0,9797 d;]qQQ’ il)v

(Ul,(),l, f{ng+1’ il)a (UQ,O,QM éng+1’ :l:]-)a Tty (Ul}o@ z'/q2g+i717:l:1)7 Ty (Ugvovg7 fg/]qsgv :tl)v
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(Vioa, €80 1), (Vao,, 470 1) o (Vi e 1), (Voo,g, €577, 1),
(Ur,1,0, @y ™t 1), (Ug0,dh™4 £1), -+, (Uy 0, a}™77 70, £1), -+, Uy g.00 @l ™, £1),
(Va0 5P 1), (Vag,0, 5™ 1), -+ (Va0 B0H T L), (Vg g0, by ™7, 1),
Using the Lemma 1, we see that the following relations hold in the fundamental group of
X(q1,-  qog):

-1 p-1 -1 p—1 -1 - F
[d117f1 ]:qula [d217f2 ]:C;FqQ "'7[dglafg1]zcgqga
[Cl_lvfl]:dlqugH’ [02_1’f2]:d2$qg+2a a[cg_lvfg]:dgjmzqa
[61—1 bl—l] — 1:Fq2g+1 [62—1 62_1] — 2:Fq2g+2 L [6—1 b—l] — g:Fq3g
) b ) b b g ) g b
- F - F - F
[fl labl]:€1q3g+lﬂ [f2 1>62]262QS9+17 "'?[fg labg]:egq4g7
brtier =a7 ™ bytey = ag ™ e byt e = ag ™,
[afl,cl] — biFQ5g+1, [agl’@] — b;FfI5g+2’ 7[ag—17cg] — bj%g,
Notice that by setting ¢g1 = --- = ¢sy = 1, we obtain the symplectic 6-manifolds with trivial
the first homology group in integer coefficients. To realize the first homology groups stated as in
(i), we simply set ¢ > 2, ¢; > 1, and ¢1 = geg—k+1 = =q6g =0, ¢; > 2 (for 1 < i <69 — k),
respectively in the above presentation. ]

Remark 3. Fach non-trivial coisotropic Luttingery kills both the coisotroptic and it’s dual
isotroptic submanifolds and has no effect on third homology and the Fuler characteristic. The
Betti numbers of X (qi,--- ,q69) can be computed. For example, when ¢ = -+ = @gg =
+1, we compute the Euler characteristic and the Betti numbers of X(qi,--- ,qeg) as follows:
X(X(q1,-+ 1 q69)) = x(X(9,9,9)) = 8(1 = 9)%, br(X(q1,- -+ 1 d69)) = b1(X(9,9,9)) — 69 = 0 =
bs(X (g1, q6g)), b2(X (g1, 1 q6g)) = b2(X(9,9,9)) =69 = 129° —69+3 = ba(X (g1, , G6g)),
b3(X (a1, o)) = b3(X (9. 9,9)) = 8¢° + 129.

Acknowledgments

The author acknowledges supports from NSF DMS-1005741 and Sloan Research Fellowship.

References

Akhmedov, A. (2014). Symplectic Calabi-Yau 6-manifolds. Advances in Mathematics, 262, 115—
125.

Akhmedov, A. (2008). Small exotic 4-manifolds, Algebraic and Geometric Topology, 8, 1781—
1794.

Akhmedov, A. (2007). Construction of symplectic cohomology S? x S?, Gékova Geometry and
Topology Proceedings, 14, 36-48.

Akhmedov, A., Baykur, R.I. & Park, B.D. (2008). Constructing infinitely many smooth struc-
tures on small 4-manifolds, J. Topol., 1, 409-428.

Akhmedov, A., Monden, N. (2016). Constructing Lefschetz fibrations via daisy substitutions.
Kyoto J. Math., 56(3), 501-529.

Akhmedov, A., Park, B.D. (2008). Exotic smooth structures on small 4-manifolds, Inventiones
Mathematicae, 173, 209-223.

Akhmedov, A., Park, B.D. (2010), Exotic smooth structures on small 4-manifolds with odd
signatures, Inventiones Mathematicae, 181, 209-223.

115



ADVANCED MATH. MODELS & APPLICATIONS, V.3, N.2, 2018

Akhmedov, A., Ozbagci, B. (2017). Exotic Stein fillings with arbitrary fundamental group,
Geometry Dedicata. doi: 10.1007/s10711-017-0289-y.

Akhmedov, A., Saglam, N. (2015). New exotic 4-manifolds via Luttinger surgery on Lefschetz
fibrations, International Journal of Mathematics, 26(1).

Akhmedov, A., Zhang, W. (2015). The fundamental group of symplectic 4-manifolds with b; =1,
arXiv:1506.08367.

Auroux, D., Donaldson, S.K. & Katzarkov, L. (2003). Luttinger surgery along Lagrangian tori
and non-isotopy for singular symplectic plane curves, Math. Ann., 326, 185-203.

Baldridge, S., Kirk, P. (2013). Coisotropic Luttinger surgery and some new symplectic 6-
manifolds, Indiana University Mathematics Journal, 2(5).

Fuller, T. (1999). Generalized nuclei of complex surfaces, Pacific Journal of Mathematics, 187,
281-295.

Fuller, T. (1999). Hyperelliptic Lefschetz fibrations and branched covering spaces, Pacific Jour-
nal of Mathematics, 196, 369-393.

Fintushel, R., Park, B.D. & Stern, R.J. (2007). Reverse engineering small 4-manifolds, Algebraic
and Geometric Topology, 7, 2103-2116.

Gompf R.E., Stipsicz, A.L. (1999). 4-Manifolds and Kirby Calculus, Graduate Studies in Math-
ematics, 20, Amer. Math. Soc., Providence, RI.

Gompf, R.E. (1995). A new construction of symplectic manifolds, Ann. of Math., 142, 527-595.
Ho, C.I. (2011). Topological Methods in Symplectic Geometry, Ph.D Thesis.

Ho C.I. & Li, T.J. (2012). Luttinger surgery and Kodaira dimension, Asian J. Math., 16, 229—
318.

Luttinger, K.M. (1995). Lagrangian tori in R*, J. Differential Geom., 42, 220-228.

Matsumoto, Y. (1996). Lefschetz fibrations of genus two - a topological approach, Proceedings
of the 37th Taniguchi Symposium on Topology and Teichmuller Spaces, World Scientific, Sin-
gapore, 123-148.

Ozbagci, B., Stipsicz, A.I. (2000). Noncomplex smooth 4-manifolds with genus-2 Lefschetz fi-
brations, Proc. Amer. Math. Soc., 128(10), 3125-3128.

Usher, M. (2006). Minimality and symplectic sums, Int. Math. Res. Not., Art. ID 49857, 17 pp.

116



